Abstract. A rational function is the ratio of two polynomials without common roots. Its degree is the maximum of the degrees of the numerator and the denominator. Rational functions belong to the same class if one turns into another by the postcomposition with a linear-fractional transformation. We prove that for a given degree d and given multiplicities m 1 , . . . , m n of given critical points, the number of classes equals the multiplicity of the trivial sl 2 representation in the tensor product of the irreducible sl 2 representations with highest weights m 1 , . . . , m n and 2d − 2 − m 1 − · · · − m n , for generic positions of the critical points. The interpretation of the result in terms of the Wronski map is discussed.
Introduction
A rational function is the ratio of two polynomials without common roots. Its degree is the maximum of the degrees of the numerator and the denominator. Any rational function defines a branched covering of the Riemann sphere, CP 1 = C ∪ ∞, and the degree is the number of the preimages of any regular value.
Consider R(x) = g(x)/f (x), where g(x) and f (x) are polynomials without common roots. We have R ′ (x) = W (x)/f 2 (x), where
is the Wronskian of polynomials g and f .
The rational map x → R(x) has a critical point of multiplicity µ ≥ 1 at a finite point z 0 ∈ C if z 0 is a root of the Wronskian W (x) of multiplicity µ.
Let m 1 , . . . , m n be positive integers and z 1 , . . . , z n pairwise distinct complex numbers. Write m = (m 1 , . . . , m n ) and z = (z 1 , . . . , z n ). If R(x) has degree d > 1 and if all its finite critical points are z 1 , . . . , z n of multiplicities m 1 , . . . , m n respectively, then we say that R(x) has the type (d, n; m; z). In according to the Riemann-Hurwitz formula, d and m should satisfy 2d − 2 ≥ m 1 + · · · + m n , and m ∞ = 2d − 2 − m 1 − · · · − m n 1 is the multiplicity of the rational map x → R(x) at infinity ( [GH] , Ch. 6).
If R(x) has the type (d, n; m; z), then the rational map given by the postcomposition with a linear-fractional transformation,
has clearly the same type. A rational map considered up to postcompositions with linear-fractional transformations will be called a class of rational maps.
We address the following question.
For given d, n, m, z, how many classes of rational maps have the type (d, n; m; z)?
We answer the question for generic z. The words "z is generic" mean that z does not belong to a suitable proper algebraic set in C n .
Theorem 1.
•
then for any z there are no rational maps of the type (d, n; m; z).
z the number of the classes of rational maps of the type (d, n; m; z) is
As usually we set a b = 0 for a < b. The right hand side of (1) vanishes if m and d are as in the fist part of the theorem.
The fist part of the theorem is known ( [GH] Ch.6, [G] ).
The second part is proved in Sec. 2. It is a corollary of recent results of A. Varchenko and the author [SV] . Moreover, Theorem 5 of [SV] implies that the number ♯(d, n; m) is the multiplicity of the irreducible sl(2) representation of the highest weight m ∞ in the tensor product of the irreducible sl(2) representations of the highest weights m 1 , ..., m n . We reformulate Theorem 1 in a more symmetric way. Denote L m the irreducible sl 2 representation with the highest weight m.
Theorem 2. For generic z, the number of the classes of rational maps of the type (d, n; m, z) equals the multiplicity of the trivial representation, L 0 , in the tensor product
In Sec. 3 the obtained results are interpreted in terms of the Wronski map studied in [EG1] , and the role of the Catalan numbers is discussed.
In Sec. 4 we compare our setting with the Hurwitz conjecture [H] .
2. Classes of rational maps and second order Fuchsian equations with only polynomial solution 2.1. Nondegenerate planes. Consider two-dimensional linear subspaces in the vector space of complex polynomials in x of degree ≤ d. We call the subspace V a nondegenerate plane of degree d if V contains a polynomial of the maximal degree, d, and if for any x 0 ∈ C there is a polynomial p(x) ∈ V such that p(x 0 ) = 0. Proposition 1. There is a one-to-one correspondence between the nondegenerate planes and the classes of rational maps of the same degree.
Linear-fractional transformations of a rational function correspond to changes of a basis. ⊳
Hence the type of a nondegenerate plane V is well defined as the type of the function
Lemma 1. Almost all polynomials of the maximal degree in a nondegenerate plane do not have multiple roots. ⊳
Lemma 2. Let V be a nondegenerate plane of the type (d, n; m, z) and f (x) be a polynomial in V of degree ≥ 2 without multiple roots. Then f (z j ) = 0 for all 1 ≤ j ≤ n.
, and hence f ′ (z j ) = 0. This gives a contradiction. ⊳ 2.2. Fuchsian differential equations. Consider a second order Fuchsian differential equation with regular singular points at z 1 , . . . , z n and at infinity. If the exponents at z j are m j + 1 and 0 for all 1 ≤ j ≤ n, then the equation has the form ( [R] , [SV] ),
where H(x) is a polynomial of degree not greater than n − 2.
Proposition 2. There is a one-to-one correspondence between the nondegenerate planes of the type (d, n; m, z) and the second order Fuchsian differential equations of the form (2) with only polynomial solutions and the degree d generic solutions.
Proof: Let the equation (2) have only polynomial solutions and the degree of the generic solution be d.
Consider a basis in the solution space, g(x) and f (x). It is easy to see that the Wronskian W (x) = W (g, f )(x) of two linearly independent solutions of (2) is
This means that g and f may have a common root at points z j only. On the other hand, the generic solution of a Fuchsian equation can not vanish at a regular point ( [R] ). Therefore g and f do not have common roots, the function R(x) = g(x)/f (x) has the type (d, n; m, z) and hence defines a required nondegenerate plane.
In order to prove the opposite statement, consider a basis {g(x), f (x)} of a nondegenerate plane V of the type (d, n; m, z). We have to check that g(x) and f (x) satisfy equation (2) with a suitable H(x).
We can assume
where the roots x 1 , . . . , x n satisfy
according to Lemmas 1, 2.
The following result is due to V. Zakalyukin [Z] , in a slightly different formulation.
Proof of Lemma 3:
We have
This implies that the integral
is a rational function. Write the expansion of the integrand into the sum of simple fractions and a polynomial,
where A i , B i are numbers and P (x) a polynomial. The rationality of the integral yields A i = 0 for all 1 ≤ i ≤ d. One can see that
.
The substitution x = x i into the right hand side and simplification result the equation
It remains to note that
The lemma is proved. ⊳ Lemma 3 implies that the function
with F and G as in (2), does not have poles at x = x 1 , . . . , x d . Therefore H(x) is a polynomial of degree at most n−2, and f (x) is a solution of the corresponding equation. Moreover, the form of the Wronskian W (x) implies
i.e. g(x) is another solution of the same equation. This completes the proof of the proposition. ⊳ 2.3. Proof of Theorem 1. Propositions 1 and 2 establish a one-to-one correspondence between the classes of the type (d, n; m, z) and the second order Fuchsian differential equations of the form (2) with only polynomial solutions and the degree d generic solutions.
Theorem 3. ([SV], Theorem 3) Let
k = m 1 + · · · + m n + 1 − d. If d > k ≥ 0, then for generic z there exist exactly n q=0 (−1) q 1≤i 1 <···<iq≤n k + n − 2 − m i 1 − · · · − m iq − q n − 2
polynomials H(x) of degree not greater than n − 2 such that all solutions of the equation (2) are polynomials and the degree of the generic solution equals d. ⊳
A simplification of this expression gives (1) and finishes the proof of Theorem 1. ⊳ Theorem 12 of [SV] and Theorem 1 imply the following fact. Fix a monic polynomial W (x) of degree ≤ 2d − 2. Our results allow to find very nondegenerate planes in W −1 (W ).
Write W (x) in the form
where z = (z 1 , . . . z n ) the distinct roots, and m 1 , . . . , m n the corresponding multiplicities,
Within this framework, Propositions 2 and 3 can be reformulated as follows. (4). Set k = deg W + 1 − d and define the function Φ(t) in k complex variables t = (t 1 , . . . , t k ),
in the domain
Following [Z] , we call Φ(t) the generating function of W . The relation of the generating function to the problem under consideration goes back to Heine and Stieltjes.
Theorem 4. (Cf. [S] , Ch. 6.8, [SV] , Theorem 2)
solution of the equation (2) with H(x) as in (3). The solution space of this equation is a very nondegenerate plane of degree d with the Wronskian
W (x). • If f (x) = (x − t 0 1 ) . . . (x − t 0 k ) is a polynomial solution of (2) without multiple roots, then t 0 = (t 0 1 , . . . , t 0 k ) lies in T ,
the solution space of the equation is a very nondegenerate plane of degree d, and t 0 is a critical point of Φ(t). ⊳
A very nondegenerate plane is uniquely defined by a monic polynomial of the lowest degree. The function (5) is clearly symmetric with respect to the permutations of variables.
Corollary 1. There is a one-to-one correspondence between the orbits of critical points of the function Φ W,k (t) and the very nondegenerate planes of degree d with the Wronskian W (x).
⊳ Theorem 1 in [SV] states that for generic z, for W (x) as in (4) The main result of [G] says that over C the degree of the Wronski map equals the Catalan number
. In other words, C d counts the rational maps of the type (d, 2d − 2; 1 2d−2 ; z) for any z, where 1 k = (1, . . . , 1). Moreover, C d gives also an upper bound for the number of the classes of rational maps of the type (d, n; m; z) with m 1 + · · · + m n ≤ 2d − 2 ( [G] ).
The real case was studied recently in [EG1] , [EG2] . The answers include the Catalan numbers as well. In [EG1] , upper and lower estimates for the number of classes of real rational maps of degree d in terms of the Catalan numbers were established. In [EG2] , it was proved that C d counts the classes of real rational functions of degree d with given 2d − 2 distinct real critical points.
The Catalan numbers appear as the answer to many combinatorial problems. See for example [RS] , Ex. 6.19, for 66 such problems. Theorem 2 implies the 67-th interpretation of the Catalan number, this time in terms of the sl 2 representation theory.
This interpretation leads to the following conclusion.
Corollary 3. The generating function for the multiplicity
Proof: The generating function for the Catalan numbers C k is as follows, [B] ,
and the multiplicity of L 0 in L ⊗2k−1 1 is obviously zero. Therefore we have
and the result follows. ⊳
Comments
The question about the number of rational maps with prescribes singularities is a classical one.
In 1891, Hurwitz formulated a conjecture on the number of topologically non-equivalent rational functions on C 1 with fixed orders of poles and fixed critical values, in the case when all critical points are nondegenerate and all critical values are different, [H] . The topological equivalence of two functions means that one turns into another by a linearfractional transformation of the domain. Since then, many papers on the subject were appeared. We mention here only [GJ] where the conjecture was proved.
The question posed in Introduction differs from the Hurwitz's one. Our setting follows that of [G] , [EG1] , [EG2] . Firstly, not critical values but critical points are fixed. Secondly, a degree is fixed as well. Thirdly, the equivalence relation is defined by linearfractional transformations of the target, not the domain.
Our main results are valid for generic positions of the critical points. In fact the condition "z is generic" is essential as examples in [G] and [SV] show. Finally, in our setting rational functions with given critical points of given multiplicities have generically simple poles only.
